We consider exceptional vertex operator algebras and vertex operator superalgebras with the property that particular Casimir vectors constructed from the primary vectors of lowest conformal weight are Virasoro descendents of the vacuum. We show that the genus one partition function and characters for simple ordinary modules must satisfy modular linear differential equations. We show the rationality of the central charge and module lowest weights, modularity of solutions, the dimension of each graded space is a rational function of the central charge and that the lowest weight primaries generate the algebra. We also discuss conditions on the reducibility of the lowest weight primary vectors as a module for the automorphism group. Finally we analyse solutions for exceptional vertex operator algebras with primary vectors of lowest weight up to 9 and for vertex operator superalgebras with primary vectors of lowest weight up to 17/2. Most solutions can be identified with simple ordinary modules for known algebras but there are also four conjectured algebras generated by weight two primaries and three conjectured extremal vertex operator algebras generated by primaries of weight 3, 4 and 6 respectively.
Introduction
Vertex Operator Algebras (VOAs) and Super Algebras (VOSAs) have deep connections to Lie algebras, number theory, group theory, combinatorics and Riemann surfaces (e.g. [FHL, FLM, Kac1, MN, MT] ) and, of course, conformal field theory e.g. [DMS] . The classification of VOAs and VOSAs still seems to be a very difficult task, for example, there is no proof of the uniqueness of the Moonshine module [FLM] . Nevertheless, it would be very useful to be able to characterize VOA/VOSAs with interesting properties such as large automorphism groups (e.g. the Monster group for the Moonshine module), rational characters, generating vectors etc. In [Mat] , Matsuo introduced VOAs of class S n with the defining property that the Virasoro vacuum descendents are the only Aut(V )-invariant vectors of weight k ≤ n. Thus the the Moonshine module [FLM] is of class S 11 , the Baby Monster VOA [Ho1] of class S 6 and the level one Kac-Moody VOAs generated by Deligne's Exceptional Lie algebras A 1 , A 2 , G 2 , D 4 , F 4 , E 6 , E 7 , E 8 [D] are of class S 4 . 1 In this paper we consider a refinement and generalization of previous results in [T1, T2] concerning such exceptional VOAs. Assuming the VOA is simple and of strong CFT-type (e.g. [MT] ) we consider quadratic Casimir vectors λ (k) of conformal weight k = 0, 1, 2, . . . constructed from the primary vectors of lowest conformal weight l ∈ N. We say that a VOA is Exceptional of Lowest Primary Weight l if λ (2l+2) is a Virasoro vacuum descendent. Every VOA of class S 2l+2 with lowest primary weight l is Exceptional but the converse is not known to be true. We show, using Zhu's theory for genus one correlation functions [Z] , that for an Exceptional VOA of lowest primary weight l, the partition function and the characters for simple ordinary VOA modules satisfy a Modular Linear Differential Equation (MLDE) of order at most l + 1. Given that order of the MLDE is exactly l + 1 (which is verified for all l ≤ 9) we show that the central charge c and module lowest weights h are rational, the MLDE solution space is modular invariant and the dimension of each VOA graded space is a rational function of c. Subject to a further indicial root condition (again verified for all l ≤ 9) we show that an Exceptional VOA is generated by its primary vectors of lowest weight l.
We also consider other properties that arise from genus zero correlation functions for all l. Assuming the VOA is of class S 2l+2 this 1 In fact, the A 1 theory is of class S ∞ and the E 8 theory is of class S 6 .
leads to conditions on the reducibility of the lowest weight l primary space as a module for the VOA automorphism group. A similar analysis is carried out for Exceptional VOSAs of lowest primary weight l ∈ N + 1 2 for which λ (2l+1) is a Virasoro vacuum descendent. Using a twisted version of Zhu theory [MTZ] we obtain a Twisted MLDE of order at most l + 1 2 which is satisfied by the partition function and simple ordinary VOA module characters. This differential equation leads to a similar set of general results to those for VOAs. Likewise, we can consider genus zero correlation functions for all l ∈ N+ 1 2 leading to conditions on the reducibility of the space of the space of weight l primaries as a module for the VOSA automorphism group.
The paper also summarizes rational c, h solutions to the MLDE for all l ≤ 9 and the Twisted MLDE for all l ≤ 17 2 . In most cases we can identify a VOA/VOSA with the requisite properties. These include a number of special VOA/VOSA constructions, some commutant VOSA constructions, some Virasoro minimal model simple current extensions and W-algebras. We also present evidence for four candidate/conjectured VOAs with simple Griess algebras for l = 2 and three extremal VOAs for l = 3, 4, 6. All the VOSA solutions found can be identified with known theories.
Vertex Operator (Super) Algebras
We review some aspects of Vertex Operator Super Algebra theory (e.g. [FHL, FLM, Kac1, MN, MT] ). A Vertex Operator Superalgebra (VOSA) is a quadruple (V, Y (·, ·), 1, ω) with a Z 2 -graded vector space V = V0 ⊕ V1 with parity p(u) = 0 or 1 for u ∈ V0 or V1 respectively.
for every u ∈ V . The linear operators (modes) u(n) :
and lower truncation
for each u, v ∈ V and n ≫ 0. For the conformal vector ω
where L(n) satisfies the Virasoro algebra for some central charge c
Each vertex operator satisfies the translation property
The Virasoro operator L(0) provides the 1 2 Z-grading with L(0)u = wt(u)u for u ∈ V r and with weight wt(u) = r ∈ Z + 1 2 p(u). Finally, the vertex operators satisfy the Jacobi identity
with δ x y = r∈Z x r y −r . These axioms imply u(n)V r ⊂ V r−n+wt(u)−1 for u of weight wt(u). They also imply locality, skew-symmetry, associativity and commutativity:
for u, v, w ∈ V and integers N ≫ 0 [FHL] , [Kac1] , [MT] . We define an invariant symmetric bilinear form , on V by
for all u, v, w ∈ V [FHL] . V is said to be of CFT-type if V 0 = C 1 and of Strong CFT-Type if additionally L(1)V 1 = 0 in which case , , with normalization 1, 1 = 1, is unique [Li] . Furthermore, , is invertible if V is simple. All VOSAs in this paper are assumed to be of this type. Every VOSA contains the subVOA V ω generated by the Virasoro vector ω with Fock basis of vacuum descendents of the form
for n i ≥ 2. , is singular on (V ω ) n iff the central charge is
for coprime integers p, q ≥ 2 and n = (p−1)(q −1) [Wa] . The Virasoro minimal model VOA L(c p,q , 0) is the quotient of V ω by the radical of , . L(c p,q , 0) has a finite number of simple ordinary V -modules L(c p,q , h r,s ) ∼ = L(c p,q , h q−r,p−s ) (e.g. [DMS] ) with lowest weight
for r = 1, . . . , q − 1 and s = 1, . . . , p − 1.
3 Quadratic Casimirs and Genus One Zhu Theory
Quadratic Casimirs
Let (V, Y (·, ·), 1, ω) be a simple VOA of strong CFT-type with unique invertible bilinear form , . Let Π l denote the space of primary vectors of lowest weight l
where the repeated i index is summed from 1 to p l (here and below). Then
Furthermore, if l > 1 then dim V 1 = 0 and hence λ (1) = 0 whereas for l = 1 the Jacobi identity implies
Thus we find Lemma 3.1 λ (0) = (−1) l p l 1 and λ (1) = 0.
Since the Π l elements are primary then for all m > 0
Suppose that λ (n) ∈ V ω then (16) implies that λ (m) ∈ V ω for all m ≤ n. Furthermore, since , is invertible we have [Mat] Lemma 3.2 If λ (n) ∈ V ω then λ (n) is uniquely determined.
Similarly, if λ (4) ∈ V ω and c = 0, c 2,5 = −22/5 then [Mat, T1, T2] 
(18) These examples illustrate a general observation: Lemma 3.3 Each coefficient in the expansion of λ (n) ∈ V ω in a basis of Virasoro Fock vectors is of the form p l r(c) for r(c) a rational function of c.
Genus One Constraints from Quadratic Casimirs
Define genus one partition and 1-point correlation functions for u ∈ V by
for formal parameter q and for 'zero mode' o(u) = u(wt (u) − 1) : V n → V n for homogeneous u. By replacing V by a simple ordinary V -module N (on which L(0) acts semi-simply e.g. [FHL, MT] ) these definitions may be extended to N graded characters Z N (q) and 1-point functions Z N (u, q). Thus
where h denotes the lowest weight of N . Zhu also introduced an
for Virasoro vector ω = ω − c/24 1 with modes
for m ≥ 1 and with Eisenstein series E n (q) = 0 for odd n and
for even n with B n the nth Bernoulli number. P m (z) converges absolutely and uniformly on compact subsets of the domain |q| < |e z | < 1. E n (q) is a modular form of weight n for n ≥ 4 and E 2 (q) is a quasimodular form of weight 2 i.e. letting q = exp(2π iτ ) for τ ∈ H 1
for α β γ δ ∈ SL(2, Z) [Se] . We then have [Z] Proposition 3.4 (Zhu) Let N be a simple ordinary V -module.
Taking u = ω and noting that o( ω) = L(0) − c/24 we obtain:
for all k ≥ 3.
Let us now consider a simple VOA V of strong CFT-type with lowest weight l ≥ 1 Virasoro primary vectors Π l so that
Let {u i } and {u i } be a basis and dual basis for Π l . Apply Proposition 3.4 to
(for Casimir vector λ [n] ∈ V [n] in square bracket modes) to find
Equating z n−2l coefficients results in recursive identities for Z N λ [n] , q for n ≥ 2l. In particular, equating the z 2 coefficients implies
, q satisfies the recursive identity
Exceptional VOAs
Consider a simple VOA of strong CFT-type with primary vectors of lowest weight l ≥ 1 for which λ (2l+2) ∈ V ω (or equivalently, λ [2l+2] ∈ V ω ). We also assume that (V ω ) 2l+2 contains no Virasoro singular vector i.e. c = c p,q for (p − 1)(q − 1) ≤ 2l + 2. We call such a VOA an
where D is the Serre modular derivative defined for m ≥ 0 by
f m (q, c) is a modular form of weight 2m whose coefficients over the ring of Eisenstein series are of the form p l r(c) for a rational function r(c).
Proof. (30) follows from Corollary 3.5 by induction in the number of Virasoro modes where the
. The coefficients of f m (q, c) over the ring of Eisenstein series are of the form p l r(c) for a rational function r(c) from Lemma 3.3. Applying Proposition 4.1 to the the recursive identity (29) implies Z N (q) satisfies a Modular Linear Differential Equation (MLDE) [Mas1] Proposition 4.2 Let V be an Exceptional VOA of lowest primary weight l. Z N (q) for each simple ordinary V -module N satisfies a MLDE of order ≤ l + 1
where g m (q, c) is a modular form of weight 2m whose coefficients over the ring of Eisenstein series are rational functions of c.
g 0 (q, c) = g 0 (c) is independent of q since it is a modular form of weight 0. For g 0 (c) = 0, the MLDE (32) is of order l+1 with a regular singular point at q = 0 so that Frobenius-Fuchs theory concerning the l + 1 dimensional solution space F applies e.g. [Hi, I] . Any solution Z(q) ∈ F is holomorphic in q for 0 < |q| < 1 since the MLDE coefficients g m (q, c) are holomorphic for |q| < 1. We may thus view each solution as a function of τ ∈ H 1 for q = e 2π iτ . Using the quasi-modularity of E 2 (τ ) and (31) with q
is also a solution of the MLDE since g l+1−m (q, c) is a modular form of weight 2l + 2 − 2m. Thus T : τ → τ + 1 has a natural action on F = F 1 ⊕ . . . ⊕ F r for T eigenspaces F i with monodromy eigenvalue e 2π ix . x is a root of the indicial equation
If x 1 = x 2 mod Z, for roots x 1 , x 2 , they determine the same monodromy eigenvalue. Let x i denote the indicial root with least real part for a given monodromy eigenvalue. Then F i has a basis of the form
for q-series (which are holomorphic on 0 < |q| < 1) of the form
Logarithmic solutions (with a τ j factor for j > 0) occur if the same root occurs multiple times or, possibly, if two roots differ by an integer. However, every graded character Z N (q) for a simple ordinary module with lowest weight h has a pure q-series with indicial root x = h−c/24 from (21). We now sketch a proof that the central charge c is rational following [AM] (which is extended to logarithmic solutions (34) in [Miy] ). Suppose c / ∈ Q and consider φ ∈ Aut(C) such thatc = φ(c) = c. Then Z V (τ,c) is a solution to the MLDE (32) found by replacing c byc. But since the coefficients in the q-expansion of Z V (τ, c) are integral we have
Applying the modular transformation S : τ → −1/τ we find
But Z V (−1/τ, c) satisfies (32) and Z V (−1/τ,c) satisfies (32) with c replaced byc and thus both are of the form (34). Analysing (35) along rays τ = re iθ in the limit r → ∞ with 0 < θ < π a contradiction results unlessc = c. Hence c ∈ Q [AM, Miy] . Similarly, the lowest conformal weight h of a simple ordinary module N is rational. Altogether we have Proposition 4.3 Let V be an Exceptional VOA of lowest primary weight l ≥ 1 and central charge c and let N be a simple ordinary Vmodule of lowest weight h.
is a solution of the MLDE for all
(iii) The central charge c and the lowest conformal weight h are rational.
Consider the general solution with indicial root x = c/24 of the form Z(q) = q −c/24 n≥0 a n q n . Substituting into the MLDE we obtain a linear equation in a 0 , . . . , a n for each n. This can be iteratively solved for a n provided the coefficient of a n is non-zero. This coefficient may vanish if x = m − c/24 is an indicial root for some integer m > 0. Hence we have (ii) dim V n is a rational function of c for each n ≥ 0.
(iii) V is generated by the space of lowest weight primary vectors Π l .
n≥0 a n q n is determined by a 0 and a m for any indicial root(s) of the form x = m − c/24 for m > 0. Thus the partition function is uniquely determined by the l Virasoro leading terms (26) under the assumption that m < l.
(ii) The modular forms g m (q, c) of the MLDE of Proposition 4.2 have q-expansions whose coefficients are rational functions of c. Hence solving iteratively it follows that a n = dim V n is a rational function of c.
(iii) Let V Π l ⊆ V be the subalgebra generated by the lowest weight primary vectors Π l . But ω ∈ V Π l from (17) so that V Π l is a VOA of central charge c. Furthermore, since λ (2l+2) ∈ V Π l , the subVOA is an Exceptional VOA of lowest primary weight l. Hence
We conjecture that such a component exists for all l.
We further conjecture that m < l for any indicial root of the form x = m − c/24 for all l. These properties are verified for all l ≤ 9 in Section 6.
Exceptional VOAs with p l = 1
Let V be a simple VOA of strong CFT type generated by one primary vector u of lowest weight l with dual u = u/ u, u . Consider the commutator (10)
using (15). Suppose that λ (2l−1) ∈ V ω so that λ (k) ∈ V ω for 0 ≤ k ≤ 2l − 1 which implies the RHS of (36) is expressed in terms of Virasoro modes. Thus (36) defines a W(l) algebra VOA generated by u e.g. [BS] . The further condition λ (2l+2) ∈ V ω constrains c to specific rational values. We consider two infinite families of Exceptional W(l)-VOAs. One is of AD-type, from the ADE series of [CIZ] , given by the simple current extension of a minimal model L (c p,q , 0) by an irreducible module L (c p,q , l) with
for h r,s of (14) i.e. for any coprime pair p, q such that p or q = 2 mod 4. Then (36) is compatible with the Virasoro fusion rule (e.g. [DMS] )
it follows that (V ω ) 2l+2 contains no Virasoro singular vectors. Hence Proposition 4.6 For a minimal model with h 1,p−1 ∈ N there exists an Exceptional VOA with one primary vector of lowest weight
A second infinite family of W(l)-VOAs for l = 3k for k ≥ 1 is given in [BFKNRV, F] . A more complete VOA description of this construction will appear elsewhere [T3] . W(3k) is of central charge c k = 1 − 24k and contains a unique Virasoro primary vector of weight h n = (n 2 − 1)k for each n ≥ 1. The corresponding Virasoro Verma module contains a unique singular vector of weight h n + n 2 so that the partition function is [F] 
This VOA is generated by the lowest weight primary of weight l = h 2 = 3k λ (2l+2) ∈ (V ω ) 2l+2 requires that h 3 = 8k > 2l + 2 i.e. k > 1. Thus we find Proposition 4.7 For each k ≥ 2 there exists an Exceptional VOA W(3k) with one primary vector of lowest weight 3k and central charge c k = 1 − 24k.
Remark 4.8 We conjecture that the two VOA series of Propositions 4.6 and 4.7 are the only Exceptional VOAs for which p l = 1.
Genus Zero Constraints from Quadratic Casimirs
We next consider how an Exceptional VOA is also subject to local genus zero constraints following an approach originally described for l = 1, 2 in [T1, T2] . Let V be a simple VOA of strong CFT-type with lowest primary weight l ≥ 1. Let Π l be the vector space of p l primary vectors of weight l with basis {u i } and dual basis {u i }. Define the genus zero correlation function
for a, b ∈ Π l . Note that F (a, b; x, y) is constructed locally from Π l alone. Locality (7), associativity (9) and lower truncation (3) give
for G(a, b; x, y) a symmetric homogeneous polynomial in x, y of degree 4l.
F (a, b; x, y) can be considered as a rational function on the genus zero Riemann sphere and expanded in a various domains to obtain the 2l+1 independent parameters determining G(a, b; x, y) = 4l r=0 A r x 4l−r y r where A r = A 4l−r . In particular, we expand in ξ = −y/(x − y) using skew-symmetry (8), translation (6) and invariance of , to find
Since l is the lowest primary weight, we have b(2l − m − 1)u i ∈ V m = (V ω ) m for 0 ≤ m < l which determines the first l coefficients in the ξ expansion (42). This follows by writing b(2l − m − 1)u i in a Virasoro basis with coefficients computed in a similar way as for the Casimir vectors in Lemma 3.2. On the other hand, from (41) we find using
r=0 A r y r . Hence the first l coefficients of (42) determine A 0 , . . . , A l−1 . Thus, using
In general, A k = a, b a k (c) for k = 0, . . . , l − 1 for a rational function a k (c). The other l + 1 coefficients of g(y) (recalling A r = A 4l−r ) are determined by using associativity (9) and expanding in ζ = (x − y)/y as follows
for B n = a, o(λ (n) )b for n ≥ 0 and recalling o(λ (n) ) = λ (n) (n − 1).
Lemma 5.2 The leading coefficients of (43) are B 0 = (−1) l p l a, b and B 1 = 0. For k ≥ 1, the odd labelled coefficients B 2k+1 obey
i.e. B 2k+1 is determined by the lower even labelled coefficients B 2 , . . . , B 2k . The even labelled coefficients are given for k ≥ 0 by
Proof. From Lemma 3.1 we have λ (0) = (−1) l p l 1 and λ (1) = 0 so that B 0 = (−1) l p l a, b and B 1 = 0. Comparing (43) to (41) we find that
since G(a, b; x, y) is symmetric and homogeneous. Thus
This implies B n = n r=0 −r n−r (−1) r B r . Taking n = 2k + 1 leads to the stated result. (44) follows from the identity
We next assume that λ (n) ∈ V ω for even n ≤ 2l giving B 2k = p l a, b b 2k (c) for k = 1, . . . , l for some rational functions b 2k (c) via Lemma 3.3. Note that we are not (yet) assuming λ (2l+2) ∈ V ω . G(a, b; x, y) is uniquely determined provided we can invert (44) to solve for A l , . . . , A 2l . Define the l × l matrix
of coefficients for A 2l−m of B 2k in (44), where m, k = 1, . . . , l.
Lemma 5.3 M is invertible with det M = 1.
Proof. Define unit diagonal lower and upper triangular matrices L and U by
By induction in k, one can show that M ik = (L U ) ik and so det M = 1. Next assume λ (2l+2) ∈ V ω giving another condition on B 2l+2 (already determined from (44)). Thus p l is a specific rational function of c. Hence we have Proposition 5.4 Let V be an Exceptional VOA with lowest primary weight l. Then the genus zero correlation function F (a, b; x, y) is uniquely determined and p l = p l (c), a specific rational function of c.
For l = 1, 2 we may use F (a, b; x, y) to understand many properties of the corresponding VOA (as briefly reviewed below) [T1, T2] . We already know from Proposition 4.4(ii) that p l = dim V l − dim (V ω ) l is a rational function of c. In principle, the specific rational expressions for p l may differ but, in practice, the same expression is observed to arise for all l ≤ 9. A more significant point is that the argument leading to Proposition 5.4 may be adopted to understanding some automorphism group properties of V .
Exceptional VOAs of Class S 2l+2
Let G = Aut(V ) denote the automorphism group of a VOA V and let V G denote the sub-VOA fixed by G. Since the Virasoro vector is G invariant it follows that Mat] . (The related notion of conformal t-designs is described in [Ho2] .) In particular, the quadratic Casimir (15) is G-invariant so it follows that a VOA V with lowest primary weight l of class S 2l+2 is an Exceptional VOA. It is not known if every Exceptional VOA is of class S 2l+2 .
The primary vector space Π l is a finite dimensional G-module. Assuming Π l is a reducible G-module (e.g. for G linearly reductive [Sp] ) we have Proposition 5.5 Let V be an Exceptional VOA of class S 2l+2 with primaries Π l of lowest weight l. If Π l is a reducible G-module then it is either an irreducible G-module or the direct sum of two isomorphic irreducible G-modules.
Remark 5.6 For odd p l it follows that Π l must be an irreducible Gmodule.
Proof. Let ρ be a G-irreducible component of Π l and let ρ denote the , dual vector space. ρ and ρ are isomorphic as G-modules. Define
Clearly R ⊆ Π l is a self-dual vector space. We next repeat the Casimir construction and analysis that lead up to Proposition 5.4. Choose an R-basis {v i : i = 1, . . . , dim R} and dual basis {v i } and define Casimir vectors
where now we sum i from 1 to dim R ≤ p l . But λ (n) R is G-invariant and since V is of class S 2l+2 , it follows that λ (n) R ∈ V ω for all n ≤ 2l+2. We define a genus zero correlation function constructed from the vector space R
for all a, b ∈ R. We then repeat the earlier arguments to conclude that Proposition 5.4 also holds for F R (a, b; x, y) where, in particular, dim R = p l (c), for the same rational function. Thus dim R = l and the result follows.
Exceptional VOAs of Lowest Primary Weight l ≤ 9
We now consider Exceptional VOAs of lowest primary weight l ≤ 9. We denote by E n = E n (q) the Eisenstein series of weight n appearing in the MLDE (32). For l ≤ 4 we describe all the rational values for c, h whereas for 5 ≤ l ≤ 9 we give all rational values for c, h for which p l = dim Π l ≤ 500000, found by computer algebra techniques. We also consider conjectured extremal self-dual VOAs with c = 24(l − 1) [Ho1, Wi] . Any MLDE solution for rational h for which there is no irreducible character is marked with an asterisk. We obtain many examples of known Exceptional VOAs such Deligne's Exceptional Series of Lie algebras, the Moonshine and Baby Monster modules. There are also a number of candidate solutions for which no construction yet exists indicated by question marks.
[l = 1]. This is discussed in much greater detail in [T1, T2] . Propositions 4.2-4.4 imply that Z N (q) satisfies the following 2nd order MLDE [T2]
This MLDE has also appeared in [MatMS, KZ, Mas2, KKS, Kaw] . The indicial roots x 1 = −c/24, x 2 = (c + 4)/24 are exchanged under the MLDE symmetry c ↔ −c−24. Solving iteratively for the partition function
where p n = dim Π n , for weight n primary vector space Π n , we have For c = 10 mod 12, the indicial roots differ by an integer leading to denominator zeros for all p n . By Proposition 4.4, V is generated by V 1 which defines a Lie algebra g. F (a, b; x, y) from Proposition 5.4 determines the Killing form which can be used to show that g is simple with dual Coxeter number [T1, MT] h ∨ = 6k 2 + c 10 − c ,
The indicial root x 2 of the MLDE gives the lowest weight h = (c + 2)/12 of any independent irreducible V -module(s) N . Therefore V g (k) has at most two independent irreducible characters so that the level k must be positive integral [Kac2] . Comparing p 1 and h ∨ to Cartan's list of simple Lie algebras shows that in fact k = 1 with c = 1, 2, 14 5 , 4, 26 5 , 6, 7, 8 with g = A 1 , A 2 , G 2 , D 4 , F 4 , E 6 , E 7 , E 8 , respectively, known as the Deligne Exceptional Series [D, DdeM, MarMS, T2] . In summary, we have The table also shows h for a possible irreducible V -module(s). For c = 2 and 4 there are 2 independent irreducible modules but which share the same character (due to g outer automorphisms ). V E 8 (1) is self-dual so that the MLDE solution with h = 5 6 is not an irreducible character.
[l = 2]. This case is also discussed in detail in [Mat, T1, T2] 
for x 1 = −c/24. Solving iteratively for the partition function (x = x 1 )
where p n = dim Π n , for weight n primary vector space Π n , we find
, p 3 = 31c(7c + 68)(2c − 1)(5c + 44)(5c + 22) 6(c 2 − 55c + 748)(c 2 − 86c + 1864) .
From Proposition 4.4, the Griess algebra generates V and from Proposition 5.4 the Griess algebra is simple [T1] . This leads to the following possible Exceptional VOAs with c, h ∈ Q c p 2 
The list includes the famous Moonshine Module V ♮ [FLM] , the Baby Monster VOA VB G] and the rank 16 Barnes-Wall lattice L = BW 16 [Sh] , and a minimal model simple current extension AD-type as in Proposition 4.6. The value(s) of h = x i + c/24 for the lowest weight(s) agree with those for the irreducible V -modules as do the corresponding MLDE solutions for the characters in each case. There are also four other possible candidates. For c = 32 and 40 one can construct a self-dual VOA from an extremal even selfdual lattice L (with no vectors squared length 2). However, such lattices are not unique and it is not known which, if any, gives rise to a VOA satisfying the exceptional conditions. There are no known candidate constructions for c = Note that p 2 = dim Π 2 is odd in every case and Proposition 5.5 implies that if Π 2 is Aut V -reducible then it is irreducible. This is indeed the case in the first five known cases for c ≤ 24 [Atlas] . Π 3 is also an Aut V -module whose dimension p 3 is given. The MLDE solutions (with positive coprime integer coefficients) for c = 164/5 with h = 11/5, 12/5 and for c = 236/7 with h = 16/7, 17/7 have respective leading q-expansions These coefficients constrain the possible structure of Aut V further.
[l = 3]. Z N (q) satisfies the 4th order MLDE
Solving iteratively for the partition function we find [T2] .
The c, h ∈ Q solutions for positive integer p 3 with possible VOAs are The Höhn Extremal VOA is a conjectural self-dual VOA [Ho1] . If Π 3 is a reducible Aut(V )-module then it must be irreducible excluding Witten's suggestion that Aut(V ) = M, the Monster group [Wi] .
[l = 4]. Proposition 4.2 implies Z N (q) satisfies the 5rd order MLDE
Solving iteratively for the partition function we find .(59c 3 − 13554c 2 + 788182c − 398640),
The c, h ∈ Q solutions for p 4 ≤ 500000 and c = 48 with possible VOAs are .(2c − 1)(3c + 46)(68 + 7c)(5c + 3)(10c − 7),
The c, h ∈ Q solutions for p 5 ≤ 500000 with possible VOAs are Witten's conjectured Extremal VOA for c = 4.24 = 96 does not appear [Wi] . .(4c + 21)(5c + 3)(10c − 7)(5c 2 + 316c + 3600),
The c, h ∈ Q solutions for p 6 ≤ 500000 with possible VOAs are There are no rational c solutions for p 7 ≤ 500000.
[l = 8]. Z V (q) satisfies a 9th order MLDE with one c, h ∈ Q solution for p 8 ≤ 500000 [l = 9]. Z V (q) satisfies a 10th order MLDE with c, h ∈ Q solutions for p 9 ≤ 500000 c module N . We also define the genus one 1-point correlation function
In [MTZ] a Zhu reduction formula for the 2-point correlation function Y [u, z] v, q) for u, v ∈ V is found expressed in terms of twisted elliptic Weierstrass functions parameterized by θ, φ ∈ {±1}. Let φ = e 2π iκ for κ ∈ {0, 1 2 }. Then (23) and (24) are generalized to [MTZ] 
for twisted Eisenstein series E n θ φ (q) = 0 for n odd, and for n even
and where B n (κ) is the Bernoulli polynomial defined by
(50) and (51) agree with (23) and (24) respectively for (θ, φ) = (1, 1). P m θ φ (z) converges absolutely and uniformly on compact subsets of the domain |q| < |e z | < 1 and E n θ φ (q) is a holomorphic function of q 1 2 for |q| < 1. For (θ, φ) = (1, 1), E n θ φ is modular of weight n in the sense that
Then Zhu reduction of Proposition 3.4 generalizes to [MTZ] Proposition 7.1 Let N be a simple ordinary V -module for a VOSA V . For u of parity p(u) and for all v we have
For even parity u this agrees with Proposition 3.4. In particular, Corollary (3.5) concerning Virasoro vacuum descendents holds. Much as before, Proposition 7.1 implies that the Casimir vectors
Equating the z coefficients implies the following variant of Proposition 3.6
Exceptional VOSAs
Let V be a simple VOSA of strong CFT-type with primary vectors of lowest weight l ∈ N+ 1 2 for which λ (2l+1) ∈ V ω . We further assume that (V ω ) 2l+1 contains no Virasoro singular vectors. We call V an Exceptional VOSA of Odd Parity Lowest Primary Weight l. Proposition 4.1 implies Proposition 7.3 Let V be an Exceptional VOSA of lowest weight l ∈ N + 1 2 and central charge c. Then Z N (q) for a simple ordinary V -module N satisfies a Twisted Modular Linear Differential Equation (TMLDE)
where g k 1 −1 (q, c) is a twisted modular form of weight 2k whose coefficients over the ring of twisted Eisenstein series (51) are rational functions of c.
The TMLDE (56) is of order l + 
which is again of regular singular type provided g 0 (c) = 0. We can repeat the results of Section 4 concerning TMLDE series solutions and the rationality of c and h noting that (ii) dim V n is a rational function of c for each n ∈ N + 1 2 . (iii) V is generated by the space of lowest weight primary vectors Π l .
We verify below for l ≤ 17/2 that g 0 (c) = 0 and that m ≤ l − 1 2 for any indicial x = m − c/24. We conjecture these conditions hold in general.
We can construct two infinite series of p l = 1 Exceptional VOSAs which we conjecture are examples. 
Proposition 7.7 For each k ∈ N + 1 2 for k ≥ 3 2 there exists an Exceptional VOSA W(3k) with one odd parity primary vector of lowest weight 3k and central charge c k = 1 − 24k.
Finally, similarly to Section 5, with G = Aut(V ) we have Proposition 7.8 Let V be an Exceptional VOSA of class S 2l+1 with primaries Π l of lowest weight l ∈ N + 1 2 . If Π l is a reducible G-module then it is either an irreducible G-module or the direct sum of two isomorphic irreducible G-modules.
8 Exceptional SVOAs with Lowest Primary Weight with l ∈ N + 1 2 for l ≤
2
We now consider examples of Exceptional VOSAs of lowest primary weight l ≤ 17 2 . We denote by E n = E n (q) the Eisenstein series and F n = E n 1 −1 (q) the twisted Eisenstein series of weight n appearing in the order l + [HLY, Y] . In the later case, we expect Aut(V ) = 2. 2 E 6 (2) : 2, the maximal subgroup of B, which has a 2432 dimensional irreducible representation [Atlas] . VB ♮ is self-dual so that the h = 49 34 TMLDE solution is not an irreducible character.
[l = There is one c, h ∈ Q solution with possible VOSA for p 5/2 ≤ 500000 
